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Determination of Slender Body Aerodynamics Using Discrete
Vortex Methods
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Current aerodynamic interest has turned to the study of supermaneuverable fighters and weapon performance
when launched in extreme flight conditions. The evaluation of design missile performance requires multiple runs
of six degree-of-freedom (6-DQF) simulations, analyzing the missile behavior for a variety of launch and flight
conditions. Before wind-tunnel tests, it is necessary to produce the aerodynamic loading of candidate missiles for
6-DOF analyses. Since semi-empirical formulas fail in regions of nonlinear aerodynamics, and solutions to the
full Navier-Stokes equations are too costly and time consuming, an alternative method of discrete vortex
analysis is re-examined. The present theory examines the three-dimensional nature of the shed vorticity and
generalizes previous discrete vortex analyses. Consequently, the results demonstrate relative user independence
in determining all slender-body loading at angles of attack from 0 to 70 deg. The rapid calculations of the
discrete vortex method makes it a prime candidate for the determinations of high ahgle-of-attack aerodynamic
databases.

Nomenclature
Cm = pitching-moment coefficient
CN - normal^force coefficient
Cn — yawing-moment coefficient
CY = Side-force coefficient
c\ = Joukowski constant
d = distance along vortex filament to its origin
h = transformed body radius
i = imaginary number ,V - 1
L = reference length
Lb = total body length
M = upstream Mach number
N — normal force
Nv - number of vortices
p = pressure
Re = crpssflow Reynolds number based on

local body diameter
r = body cross-sectional radius
rv = perpendicular distance from a point to a

vortex line
t = time
U = crossflow plane uniform upstream velocity
Ue = potential velocity at boundary-layer edge
u, v = crossflow plane velocity components in £

and rj directions, respectively
Fa, = uniform upstream flow velocity
W = complex potential $ + /^
x, y, z - body-fixed coordinate system
z = crossflow complex variable, x + iy
a = mean flow angle of attack__
j8 = compressibility factor, Vl — M*
T = nascent vortex strength
7 = angle of body surface with respect to x axis
d = boundary-layer height
f = complex position variable, £ + irj
0' = vortex flow angularity
v = kinematic viscosity
£,TJ = crossflow plane coordinate system
p = density
<t> = velocity potential
\l/ = stream function
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w = complex nondimensional crossflow velocity

Subscripts
b = value at missile base
c = crossflow plane properties
cp = center of pressure
e = previous step value
/ =/ t h vortex properties
s = value at body surface
T = total value
oo = value infinitely far from body
0 = reference quantity

Superscripts
* = intermediate parameter

= complex conjugate

Operators
A = small quantity, jump across discontinuity
V =del
Re { } = real part
Im{ } = imaginary part

Introduction

BECAUSE of the development of the supermaneuverable
fighter, there has been an increased interest in the perfor-

mance of slender missiles at high angles of attack. Under the
supermaneuverable fighter programs, the aircraft are designed
to perform controlled maneuvers up to an angle of attack
(AOA) of 70 deg at velocities generally below a Mach number
of 0.4. Although the aircraft performance is being analyzed in
such flight regimes j little is known of the performance of
missiles launched during such extreme maneuvers. Missile
aerodynamic performance in the high AOA, low Mach num-
ber regime is required to understand the missile behavior.
Determination of the aerodynamic characteristics of airframes
at high incidence to a uniform mean upstream flow poses
several difficulties not found at lower AOA. For moderate
and high AOA, flow separates on the leeward side of the
airframe. At the separation location, the vorticity within the
boundary layer ejects into the outer flow. The shed vorticity
rolls up into large vortices near the body. For slender bodies at
moderate AOA, a pair of symmetric vortices form above the
body. At some critical AOA, the vortices becorhe asymmetric.
Large side forces result, which can greatly alter the aerody-
namic performance of the air frame. In some instances, exper-
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iments have shown that the out-of-plane forces are actually
larger than the in-plane forces.

Computational fluid dynamics (CFD) methods resulting
from a finite differencing of the Navier-Stokes equations and
appropriate turbulence models can produce results that agree
well with experiments. However, such methods are generally
computationally intensive and are currently impractical for
the solutions of time-dependent flow and the construction of
a database of aerodynamic performance. An alternative
method to solving the full l^avier-Stokes equations that re-
quires less computer time and is still capable of predicting the
out-of-plane as well as the in-plane forces and moments on
missile-typeJ>odies is desired.

This paper summarizes and extends a theory for determin-
ing the aerodynamics of a missile at AOA up to 70 deg. The
methodology is presented for calculating the in-plane as well
as the out-of-plane forces and moments. Similar methods of
calculating the loads on slender bodies have been presented.1'6
However, the results relied heavily on empirical data and
mathematical assumptions, making the application of the the-
ories questionable when used in the force and moment predic-
tions on arbitrary missile configurations. The present analysis
uses potential flow theory together with a general integral
boundary layer solver to determine the flowfield and subse-
quently the forces on an axisymmetric body. The current
methodology eliminates all but"two arbitrary parameters, arid
the final solution shows relative insensitivity to values of those
parameters.

Potential Flow Model
At moderate and high angles of incidence, the flow on the

leeward side of a slender body separates, and vortices are shed
from the boundary layer to the outer flow. The shed vorticity
can roll up and form large vortices along the leeward side of
the missile as shown in Fig. 1. The incoming flow is considered
in terms of its axial component FOOCOS a and its crpssflow
component FooSin a, where a is measured as the angle between
the body central axis and the upstream uniform velocity Vw. It
is assumed that the crossflow plane is swept uniformly down
the length of the body at the rate of the axial flow. The
solution to the flow over the body is then calculated by deter-
mining the flow around an impulsively starting cylinder of
varying size. The results of the time-dependent solution in the
crossflow plane are then distributed along the missile body.
Although this assumption has been used before, there is no
mathematical rationale for it. The elliptic nature of the sub-

sonic flow equations is relaxed, and it is assumed that the
downstream flow effects are negligible on the upstream re-
sults. The magnitude of this assumption will be shown later.

For this analysis, the time-varying flow shown in Fig. 2 is
considered. In the crossflow plane, the flow is considered to
riiove from left to right at the velocity U = KooSina. The
streamwise coordinate is £, and the perpendicular coordinate
is r/. For the flow around a cylinder shown schematically in
Fig. 2, the stagnation point on the windward surface is lo-
cated. Integral boundary-layer techniques are marched along
the surface to determine the point where the flow separates.
For laminar boundary layers, the method of Thwaites7 is used
to calculate the boundary-layer parameters. An estimate is
made as to when and if the flow makes a transition to turbu-
lence using a method described by Granville.8 Turbulent
boundary-layer calculations are performed using an entrain-
ment method of Head and Patel.9 By performing the
boundary-layer calculations, the separation point is located
along the two-dimensional body surface. At that point, the
vorticity that is within the boundary layer is ejected out of the
boundary layer to form a small vortex. This process of adding
vorticity to the flow happens continuously off both sides of
the cylinder. The complex potential W for the flow around a
cylinder near a vortex is found using the circle theorem as

\T

where $ is the velocity potential, ̂  is the stream function, X is
a vortex strength weighting factor that is a function of axial
location, and £) = £/ + ify is the complex position of the
vortex center. The complex potential corresponds to a
uniform upstream flow around a cylinder together with a
vortex located outside the cylinder at £/ and an image vortex
within the cylinder to preserve the circle as a streamline. For a
system of vortices located near the cylinder and a body of
changing cross-sectional area, the complex potential becomes
the familiar

(2)

where ju, is the strength of a source located at the center of the
cylinder. The strength of the source is dependent on the rate of
change of the body radius, which will be discussed later. The
complex conjugate of the two-dimensional velocity field is
then found by taking the derivative of Eq. (2) with respect to
f, which gives

(3)

Equation (3) represents the velocity field in the two-dimen-
sional crossflow plane. Quantities yet to be determined are the
shed vortex strengths X/F/ and the source strength /*. The
flowfield changes in time since the radius r is changing and the
vortices are continuously shed and converted by the flow.
Drawing the analogy between the time-varying crossflow
plane flow and the spatially varying three-dimensional flow
over the slender body gives the relation

x = (4)

Fig. 1 Schematic of asymmetric vortex development for a slender
body at a high angle of attack.

where, as shown in Fig. 1, x is the axial coordinate along
the missile and is, positive aft, y is out the side of the body,
and z is up. The y and z coordinates, respectively, corres-
pond to the y and £ coordinates in the crossflow plane (Fig. 2).
The crossflow component of the upstream velocity is then
U = FooSin a. The coordinate x is set equal to zero at the
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U'- /since

Fig. 2 Schematic of nascent vortex shedding at a typical section in
the crossflow, £* plane.

Fig. 3 Schematic of the semi-infinite vortex filament system trailing
a slender body at a high angle of attack.

missile nose tip. The radius of the missile is a known function
of axial location x and therefore can be transformed into a
function of time.

The source term in Eq. (3) must have the proper strength to
insure impermeability of the body surface as the radius
changes. In the time-developing crossflow plane, a point lo-
cated on the body surface has the magnitude If I = r. The
radial velocity associated with the source for a given point
located on the surface is fjL/(2irr). For a given increment in
time At, there is an associated change in the radius Ar. The
source must have the proper strength to push the flow away
from the origin Ar over a given length of time At for points
located on the surface. Thus, nAt/(2irr) = Ar. Taking the
limit and substituting Eq. (4) for time gives the result

(5)

Vorticity is introduced into the potential flow as the
boundary layer separates and the vorticity within the
boundary layer is ejected outward. The location of the separa-
tion point is found by using an integral boundary-layer solver.
The actual details of determining the separation location will
not be discussed here but are given in other references.7 9 Once
the separation point is known, the vorticity within the
boundary layer at that point can be calculated by noting that
the vorticity flux through any two-dimensional boundary layer
is given as10

•=^r (6)

where V is the velocity vector, y' is a coordinate measured
perpendicular to the surface, and u ' is the velocity component
parallel to the surface. The value of Ue is given by the outer,
potential flow solution. Using Eq. (4) and solving Eq. (6) for
the dF term gives

Thus, for an incremental distance along the body axis dx, the
amount of vorticity dF given in Eq. (7) is ejected into the flow
at the location of each boundary-layer separation point. The
exact location of the shed vortex is determined by making the
velocity at the separation location vanish. Hence, the sum of
the velocity induced by the new shed nascent vortex together
with the velocity induced by the previous vortices, the body
source, and the upstream flow equals zero at the separation
point. The sign of the vorticity depends on the rotation direc-
tion of the vortex.

A two-dimensional vortex as shown in Fig. 2 is assumed
to be a cross-sectional cut of vortex filament that extends from
- oo to +00. This is not truly the case in marching the flow
down the axisymmetric body. In the three-dimensional steady
flow problem, each vortex filament starts at a specific x loca-
tion and extends to infinity downstream. The strength of the
semi-infinite vortex filament is somewhat less than the
strength predicted by Eq. (7). Previous researchers, at this
point, have introduced a factor to reduce the strength of
the shed vortex. The value of the parameter was chosen so as
to achieve reasonable agreement with experiments. In sub-
sonic flows, a typical value is 0.6. A physical explanation in
the weighting factor exists in the fact that an infinite vortex
line model is being used to model the semi-infinite vortex
filaments. The Biot-Savart law can be used to calculate the
actual velocity induced at the point due to the semi-infinite
vortex line.

Figure 3 shows a single vortex filament that was created at
the axial location x0. Because of viscosity and impingement on
the body surface, the filament is assumed to start at x0 and
extend downstream to infinity. In this approximation, the
vortex is assumed to be straight. The Biot-Savart law is readily
applied to the vortex filament to give the velocity at an arbi-
trary point P as

47rrvcos(r)
1 +- (8)

where rv is the distance from P to the point where the filament
intersects the crossflow plane P', s is the distance from P to
the closest point along the filament P ", d is the distance from
P " to the origin of the vortex line O, and the angle T is defined
as cos~l(s/rv). Note that very near the starting location of
the vortex the factor multiplying the vortex strength is nearly
0.5, but further downstream the multiplication factor ap-
proaches 1.0.

In addition to this three-dimensional effect, viscosity plays
a role in diffusing the vortex and altering its induced velocity.
Equation (3) yields a singularity at the center of each vortex
filament. To remove the singularity, the well-known viscous
vortex solution11 is considered, which makes the velocity at the
point P

47rrvcos(r)

where Re is the Reynolds number of the crossflow at the point
where the vortex was created, x is the axial position of the
point P, and XQ is the axial location where the vortex line
originated. By this formula, the strength of the filament
changes along the vortex line. For the present analysis, the
strength of the filament is calculated at each section. The
strength of the entire semi-infinite vortex line is assumed to be
constant and equal to the calculated strength at the given
section.

By comparing Eq. (9) with the vortex term of Eq. (3), it is
seen that the value of X/ is given as

dr= ±- dx
2 V00cos(a) (7) Xy 2cos(r)
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where Rej is the crossflow Reynolds number corresponding to
the creation of the jth vortex, and a disturbance parameter e,
has been introduced to disturb the flow slightly at given cross
sections. The total velocity field is given by Eqs. (3), (5), (7),
and (10) as

u — iv (lla)

where

where X, is given by Eq. (10), and

= ±

tan(a)
(lib)

(He)

where the value of ue is given by Eq. (lib) evaluated at the
separation point at the previous step. Note that the calculation
of the velocity field has been written at discrete axial positions.
Rather than continuous shedding of vorticity, discrete vortices
(nascent vortices) are introduced into the flow at given inter-
vals.

For a known axisymmetric shape, AOA, and flow velocity,
Eqs. (11 a-lie) define the potential incompressible flowfield

Physical Plane

Fig. 4a Typical cross section of the slender body in compressible
flow, f plane.

Affine Plane

Fig. 4b Affinely transformed cross section of the slender body in
incompressible flow, £' plane.

Computational Plane

Fig. 4c Conformal mapped cross section of the slender body in
incompressible flow, f' plane.
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Fig. 5 Schematic of a typical pointed slender body with a 2.ID nose
and 20.5£> afterbody.

Fig. 6 Vector plot of the crossflow field of a typical slender body
with no flow perturbation, missile station 3.

around the slender body. Each vortex is convected by the flow
and allowed to interact with the flow and other vortices as the
flow develops. At each section, this flowfield is used by the
boundary-layer solver to determine the separation location
and the strength of the new shed vortices. In this manner, the
flow is marched down the body from the nose.

Method of Solution
Using the equations derived, the flow around the slender

body can be calculated. The missile body is divided into a large
finite number of circular disks. The height of each disk is A*.
The flow changes more rapidly for the smaller radii near the
nose. A similarity analysis indicates that the Ax along the body
should be AJC = 2rAxb/d, where d is the base diameter of the
body, and Axb is the body increment at the base. An additional
similarity analysis indicates that the value of Axb is dependent
on the angle of attack such that Axbtan(a) = const.

Initially, at the first cylindrical disk, the potential velocity
of a uniform flow around a cylinder is calculated. The
boundary-layer analysis is performed to determine the loca-
tion of the separation points. At each separation point a
discrete nascent vortex is shed with strength given by Eq.
(lie). The solution is then advanced to the next disk. The
boundary-layer analysis is performed using the velocity de-
fined in Eqs. (1 la-1 Ic), and the separation points are located.
New nascent vortices are shed at those locations. The positions
of the vortices are calculated using a second-order Runge-
Kutta method as the velocity field convects the vortices along.
Each vortex induces no velocity on itself.

As the solution is marched down the body, the normal and
side forces per unit length are then calculated at each cylindri-
cal disk section by summing the pressures around each cross
section. Thus, at each section the normal and side-force coef-
ficients are simply given by

Axr
(12a)
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Fig. 7 Nascent vortex development on a typical slender body with
flow perturbation, missile station 1.
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Fig. 8 Nascent vortex development on a typical slender body with
flow perturbation, missile station 2.

and

Axr
) JO

(p5-/>«,)sin(0)d0 (12b)

where ACN and ACy are the section normal and side force,
respectively.

The pressure difference needed in Eqs. (12a) and (12b) is
found by employing the Bernoulli equation. It is noted that
the flow solution, as derived, is time dependent, which is then
transformed to an equivalent x dependence, and therefore the
unsteady Bernoulli equation states

T iv\2 1 a 1
I - I T T J -7*^<**-*->L \Yoo/ V oo Ot J

where the flow is considered incompressible and irrotational.
The velocity potential is given as the real part of Eq. (2). Thus,
by noting Eq. (4), the appropriate derivative of the velocity
potential is

From Eq. (14) it is seen that a logarithmic singularity exists
at infinity. Hence, in evaluating for the pressure difference,
the results can only be known within an additive constant. The
constant is integrated out when the total body forces and

moments are calculated. Equation (14) can be evaluated for
values of f along the body surface, and the value of the
derivative at infinity can be taken to be zero. Hence Eq. (13)
can be evaluated for any point along the surface, and the
subsequent forces can be evaluated. The total forces are
merely the sum of the incremental forces, and the pitching
moment Cm and yawing moment Cn are given as the weighted
sums of the normal-force and side-force coefficients along the
body.

As the solution is marched down the missile, and the forces
and moments are calculated at each section. It is important to
note that the transformation between the spatial flow and the
time-developing flow given in Eq. (4) is based on observation.
Since the flow is subsonic, the actual flow at each point is
dependent on the flow of every other point within the field.
Thus the transformation used here must be viewed as an
approximate solution to the equations governing the flow.

Compressibility Effects
Thus far, all equations derived have been developed for

incompressible flow by finding solutions to Laplace's equa-
tion and using superposition to create the flow. An attempt is
made to account for compressibility effects by applying
Gothert's rule.12 The rule strictly applies to slender bodies that
can be treated with small perturbation theory in flows where
viscous effects are not important. This is not the case here.
However, the use of this rule is in line with the approximate
nature of the study, and it has been used successfully by
previous researchers.13

Gothert's rule relates compressible flow to an incompress-
ible flow over a slightly different geometry. If CN and CY
represent the normal and side forces on a given section of a
body in incompressible flow, and C^ and CY are the normal
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Fig. 9 Nascent vortex development on a typical slender body with
flow perturbation, missile station 3.

Fig. 10 Vector plot of the crossflow field of a typical slender body
with flow perturbation, missile station 3.
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and side forces in the corresponding compressible flow, then
Gothert showed the relationship between the flows gives

Side Force Coefficient

- and (15)

The relation holds only if a specific affine transformation
between the two geometries exists.

The compressible flow in the crossflow plane around a
right-circular cylinder of radius r corresponds to an affinely
transformed incompressible flow around an ellipse. Figure 4a
shows the compressible flow around a circle. The affinely
transformed, corresponding, incompressible flow around an
ellipse is shown in Fig. 4b. The ellipse has a semi-major axis r
in the direction of the upstream flow, and semi-minor axis /3r
perpendicular to the flow. Figure 4a is the complex f plane,
and Fig. 4b is the complex f' plane. If the incompressible flow
around the ellipse shown in Fig. 4b is calculated, and the
forces are calculated, then the forces in the compressible flow
plane are known by Eq. (15).

The incompressible flow around the ellipse can be trans-
formed into the incompressible flow around another circle of
radius h shown in Fig. 4c by means of a Joukowski-type
transformation, whereas

r = and f ' ± Vf'2-/-2Mc
2 j (16)

The plus sign in Eq. (16) is chosen when Re{f} > 0, and
the - sign when Re{ f '} < 0. The transformation is valid only
for subsonic crossflows. The radius of the transformed circle
is h = r(l + 0)/2.

Hence, for the compressible flow around a circle of radius
r, the incompressible flow around a circle of radius h is
calculated by means of Eqs. (1 la-1 Ic) where the radius r(x) is
replaced by h (x). The flow is then conformally mapped to the
flow around an ellipse. The forces and moments can be calcu-
lated by integrating the pressure on the ellipse in incompress-
ible flow. It is noted that, for a complex potential W defined
in the f' plane, the velocity in the f' plane is found simply as

dW dW( 1 \ dW\)=gr (r2^2/4rJ
(17)

where dW/d$" is defined by Eqs. (lla-llc).

Normal Force Coefficient
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Fig. 12 Comparison of side-force coefficients on a 4D nose, 8Z>
body missile at mach 0.5.

Normal Force Coefficient

Fig. 11 Comparison of normal force coefficients on a 4D nose, &D
body missile at mach 0.5.

Fig. 13 Comparison of the estimated values of the normal-force
coefficient on a 3.5D ogive nose for various flow perturbation values.

The boundary-layer analysis is then performed in the f'
plane by calculating the corresponding velocity and geometry
at each point on the surface. Separation is then calculated and
the corresponding separation angle is determined in the.'f'
plane to locate the nascent vortex.

Now all necessary equations to determine the compressible
separated flow around a pointed missile have been derived.
The solution requires a computer to calculate the flowfield
and resulting forces. It was found that a rather small step size
was required for stable solutions, which resulted in the track-
ing of thousands or even tens of thousands of nascent vortices.
The computer code can be run in a matter of several days on
microcomputers or in about 10 h on a VAX 8550. However,
the code vectorized extremely well, and results on the Cray
YMP seldom took longer than 20 min, and usually results
were achieved in less than 3 min.
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Side Force Coefficient
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Fig. 14 Comparison of the estimated values of the side-force coeffi-
cient on a 3.5D ogive nose for various flow perturbation values.

Discussion of the Results
Several slender-body configurations have been run to deter-

mine the aerodynamics. The results were compared against
experimental data to determine the validity of the method.
Additionally, perturbation parameters were varied to deter-
mine the sensitivity of the results to the magnitude of those
parameters.

Figure 5 shows a schematic of a typical slender body having
a pointed ogive nose of length 2.1 diameters and an afterbody
length of 20.5 diameters. On this particular missile configura-
tion, several angle-of-attack and Mach numbers were run.
Positions of the shed nascent vortices and the entire flowfield
were output at several missile stations as shown in the figure.
Missile station 1 is located at the end of the nose section of the
missile. Station 2 is 1/6 of the total body length measured
from the nose, and station 3 is the midsection of the body.

A vector diagram of the velocity flowfield at station 3 is
shown in Fig. 6. The angle of attack of the body is 40 deg, and
the Mach number is 0.3. The flow, in this cross-sectional cut,
moves from the left to the right. In this figure, the flow is
undisturbed. The value of e, in Eq. (10) is set identically equal
to 0.0 for all shed vortices. Symmetric large counter-rotating
vortices behind the missile are clearly shown. In the separated
region, there is significant flow reversal, and the vortices have
grown to a large size. Although the equations predict such a
solution, physically it is intuitively unreasonable to expect
such a perfectly symmetric solution at the given geometry and
angle of attack of the body. Small disturbances in the up-
stream flow and imperfections in the body would lead to an
asymmetric solution.

An asymmetric solution can be introduced into the equa-
tions in several ways. The boundary-layer separation points or
the roll orientation of the upstream AOA can be perturbed.
However, for this analysis, the strength of vorticity shed on
one side of the body is slightly perturbed near the nose tip of
the missile. This is accomplished by multiplying the calculated
vortex strength [Eq. (10)] by some value near but not equal to
unity. The flow is perturbed in this manner for some small
distance near the nose tip. The two additional parameters
(perturbation value e/ and the distance of flow perturbed dd)
were varied to determine the sensitivity of the results on the
perturbation values.

In Figs. 7-9, the shed vortices are plotted again at missile
stations 1, 2, and 3, respectively, for the slender body shown
in Fig. 5. In this case, the flow is perturbed by setting the value

of €j equal to 0.05 for the vortices shed on one side of the body
(e/ = 0.0 on the other side) for a distance down from the nose
tip of dd = O.OlLfc or 1% of the total nose length. Note that
from this small perturbation at this high angle of attack, the
asymmetry grows at each axial location. A slight difference in
the leeward vortices is evident at missile station 1. However, at
missile station 2, the size and position of the vortices clearly
show asymmetry, and at station 3 a tremendous difference in
the vortices exists. Note also that in Fig. 9 there is a concentra-
tion of counterclockwise vorticity forming near the body. This
vorticity will tend to push the large clockwise vortex away
from the body, thus forming the beginning of a von Karman
vortex street. It is noted that the crossflow Reynolds number
is consistent with experimental Reynolds numbers where a
vortex street is observed.

A vector diagram of the crossflow field at missile station 3
is shown in Fig. 10. Clearly, the beginning of a vortex street is
shown, and large asymmetry in the flowfield is apparent. It
should be restated that this large asymmetry occurred as the
result of a very small perturbation in the value of the shed
vorticity near the nose tip. At this angle of attack, a large von
Karman vortex street develops behind the body. However, at
smaller angles of attack, the perturbations tend to die away,
and a symmetry vortex shedding occurs.

The in-plane and out-of-plane forces were calculated on a
slender body having a nose length of 4.0 diameters and an
afterbody length of 8.0 diameters. The results were then com-
pared against experimental values generated by Wardlaw.14

For this case the angle of attack was varied from 0 to 50 deg.
The Mach number is 0.5. The shed vortex strengths on a single
side of the body were again perturbed with ey = 0.05 and dd =
O.OlLfc near the nose tip. Figure 11 shows a comparison of the
normal-force coefficient as predicted by the present theory
and the high angle-of-attack formula of Jorgensen15 with the
experimental results. Note that the present theory does a rea-
sonably good job of predicting the normal force throughout
the entire angle-of-attack regime. Jorgensen's formula pre-
dicts significantly lower values at the larger angles of inci-
dence.

The side-force coefficients CY for this flow are shown in
Fig. 12. In this figure, three different experimental curves are
given for three different roll configurations. Significant scat-
ter is shown in the experimental data even though the missile
is supposedly symmetric. Note that the present theory reason-
ably predicts the magnitude of the out-of-plane force and

Normal Force Coefficient
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Fig. 15 Comparison of the estimated values of the normal-force
coefficient on a 3.5D ogive nose for various flow perturbation dis-
tances.
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Fig. 16 Comparison of the estimated values of the side-force coeffi-
cient on a 3.5Z> ogive nose for various flow perturbation distances.

picks up the sign change of the force throughout the angle-of-
attack regime.

The effect of the perturbation values were analyzed, and the
results are shown in Figs. 13-16. The figures show the normal-
force and side-force coefficients on a 3.5-diam ogive nose. The
results are compared with the experimental results of Roos
and Kegelman.16 The base diameter of the nose is 3 in., and
the Mach number of the flow is 0.0868.

Figures 13 and 14 show the effect of the perturbing con-
stant. For these cases, the value of the shed vortex strengths on
one side of the missile are modified by letting e/ equal - 0.05,
0.01, 0.02, 0.05, and 0.1. The flow is perturbed at the nose tip
for a distance of only 1% of the total nose length, 6</ =
O.OlLfc; The normal- force coefficients presented in Fig. 13
display good agreement between all of the different perturba-
tion values and the experimental results. The side- force coeffi-
cients illustrated in Fig. 14 show considerable differences in
the calculated values. However, the general magnitudes at the
given angles of attack show good agreement with each other
and the experimental results. These results exhibit reasonable
independence between the net force calculations and the initial
perturbation parameter.

The effect of the amount of the flow perturbed are exam-
ined in Figs. 15 and 16. Again, a 3.5-diam ogive nose at Mach
number 0.0868 was examined. For these results, the flow was
perturbed at the nose tip by setting e/ = 0.05 for distances
along the body of 1, 2.5, and 5% of the total nose length, dd
= O.OlLfc, 0.025L&, and Q.Q5Lb, respectively. Throughout
most of the angle-of-attack regime, both the normal-force and
side-force coefficients show little difference in the results due
to changes in the perturbation distances. As was the case in
Figs. 13 and 14, little dependence exists between the final
results and the perturbation value.

Conclusions
Discrete vortex methods have been used and studied by

researchers for many years. The methods capture the essential
large scale physics of the flow and rapidly compute the net
aerodynamics of given bodies. The swift response of the meth-
ods gives them a distinct advantage over more computer-time-
intensive methods. By employing a boundary-layer solver and
analyzing the semi-infinite nature of each vortex filament, the
present method removes all but two arbitrary parameters nec-
essary to perturb the solution.

The analysis has demonstrated reasonable independence of
the net force calculations on the magnitude of the perturba-
tion parameters. Several different slender-body geometries
were examined, and all showed good agreement with experi-
mental results.

Computation times are small when compared with solution
times for the full Navier-Stokes equations. It was determined
that stable solutions require fine spacing of the cross sections
along the missile. This results in the tracking of thousands or
even tens of thousands of nascent vortices. It can take a
considerable length of time on a standard computer. How-
ever, the code algorithm vectorizes well, and solutions on a
Cray Y-MP rarely take longer than 20 min. Thus, for flow
analyses that require multiple aerodynamic solutions, such as
the creation of aerodynamic databases or aeroelastic analysis,
the present application of discrete vortex methods gives a
viable means of total aerodynamic predictions.
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